The probability measure generated by typical chaotic orbits of a dynamical system can have an arbitrarily Sne-scaled interwoven structure of points with different singularity scalings. Recent work has characterized such measures via a spectrum of fractal dimension values. In this paper we pursue the idea that the infinite number of unstable periodic orbits embedded in the support of the measure provides the key to an understanding of the structure of the subsets with different singularity scalings. In particular, a formulation relating the spectrum of dimensions to unstable periodic orbits is presented for hyperbolic maps of arbitrary dimensionality. Both chaotic attractors and chaotic repeBers are considered.
I. INTRODUCTION The long time distribution generated by a typical orbit of a chaotic nonconservative dynamical system is generally highly singular. The subset of phase space to which the orbit asymptotes with time, the attractor, can be geometrically fractal. Furthermore, the distribution of orbit points on the attractor can have an arbitrarily 6ne-scaled interwoven structure of hot and cold spots. Sets with such distributions have been called multifractals.
By hot and cold spots we mean points on the attractor for which the frequency of close approach of typical orbits is either much greater than typical (a hot spot) or much less than typical (a cold spot). Recently there has been much work developing ways of quantitatively characterizing how such chaotic orbits distribute themselves on attractors. ' In particular, the spectrum of fractal dimensions introduced in Refs. [2] [3] [4] ''' &I(, " J&1&A("+()J& ''' ) Taking the limit n~00 is analogous to taking the limit I~0 in Eq. Fig. 6(a) (b = I -a in the figure) . We compress the bottom (top) part by a factor A, , (A, b) along x, and stretch it in y by a factor a ' (b '). We then have two rectangles, both of vertical height unity, one of width k, and the other of width A. k [ Fig. 6(b) ]. We then move the A, i, width strip so thai its lower left corner is 8t x = -, ', y =0 To obtain the topological entropy we note that X"= g""P'"". Since To find X"& we first note that the number of fixed points of the n times iterated map is the number of possible sequences of length n which contain k ones and n -k zeros, subject to the constraint that a zero always follows a one (except when the last symbol is a one). We consider two cases: (a) the last symbol is a zero, and (b} the last symbol is a one. In case (a}, to find the contribution to X"" from such sequences, we regard the sequence (1,0) as a single symbol denoted by a 2. Thus a period n orbit which is located in the top k times is represented by a string of (n -k) symbols of which k are twos and n -2k are zeros (clearly k &n/2). again by using Stirling's a proximation.
We obtain E"-6", where 6 =(1+ 5)/2 is the golden mean.
Thus from (4.13) the topological entropy is 5 =logG. In Fig. 10 ', or " where f'(q, D, n } is given by (4.6). Letting 1~0 in (3.9) is analogous to letting nice, since the box edge length used for the cover of e'f'g'h' is edge gkA2, , and A2i. decreases exponentially with n. Letting n go to infinity, we see that the right-hand side of (6.4) goes through a transition from zero to infinity at the same value of D (denoted 8 ) as does g,p, q/I, ' Furthermore, . by (6.5) this transition also occurs at D =D for f '(q, D) given by (4.6). This is the desired result for the two-dimensional map case.
In the above we have used a particular covering in obtaining the result (6.4) for g~pq/I . In particular, we have used the covering suggested by the dynamics and the Markov partition [cf. Fig. 10 Fig. 14) . Now we cover the slab (cf. Fig. 14 n-"~O- (7.2) where N"(W) is the number of orbit points which fall in W at time n. Equations (7.1) and (7.2) imply that if initial conditions are distributed in accord with the natural measure and evolved in time, then the distribution will decay exponentially at the rate 1/r (This is n. ot an invariant measure. ) Points which leave A after a long time do so by being attracted along the stable manifold of the saddle, bouncing around on the saddle in a, perhaps, chaotic way, and then exiting along the unstable manifold. ' zero phase-space volume and we let the set S be the attractor itself, then, for almost every x in the basin of attraction, p(x, S ) as defined is zero (for finite length trajectories, the orbit approaches S but is not on S}. A proper definition should give p, (S) = 1 for this S. To correct this, one can define p(x, S) in a slightly difFerent way. Let p, (x,S) be the fraction of time the trajectory originating at x spends in the e neighborhood of 5, and de6ne p, (x,S)= lim p, (x,S) . a~0+ If this p(x, S ) is the same for almost every x in the attractor basin, then we denote this value p(S) and call it the natural measure of the attractor.
